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Motivation
Goal

• Reduce measurement effort of quantum
measurements while retaining a target ac-
curacy

Applications
• Variational quantum algorithms (VQAs),

e.g. for quantum chemistry, combinatorics
• any quantum experiment of increasing sys-

tem size
Challenges

• Many non-commuting observables
• Unclear hyperparameter optimization
• High precision required:

Use-case: Quantum Chemistry

Chemical accuracy (1.6 mHa) required

Fermionic operators:
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Spin Operators:
H =

∑
i

ciPi

Problem Setting

Experiment (as a theoretician)

black
box

ρ

estimate energy of ρ: E = Tr[Hρ]
s.t. estimate Ê fulfills |Ê − E| ≤ ε

Measurement strategy
• two commuting operators can be measured

simultaneously
→ put them into one group σ
• grouped Hamiltonian decomposition:

H =

N∑
i=1

ciPi =

Ng∑
j=1

Nj∑
k=1

cσj(k)Pσj(k)

ci ∈ R , Pi ∈ {X,Y, Z,1}⊗n
s.t. every Pi belongs to at least one σj

• numerically cheap to group [2], i.e., to find
the groups σj

→ Ng � N distinct measurement settings
needed to estimate E
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Empirical Bernstein stopping algorithm (EBS)
• Goal: Estimate E with accuracy ε and confidence 1− δ
• Idea: Use empirical Bernstein bound to adaptively terminate the estimation process

Algorithm EBGStop [1]

Require: Accuracy ε & inconfidence δ
Require: Range R = 2

∑N
i=1 |ci|

Require: iid samples Et with mean E
c0 ←∞
t← 1
while εt > ε do

Sample Energy Et
Update MEAN(Et) & VAR(Et)
Update εt(dt) using Eq. (2)
t← t+ 1

end while
Ê ← MEAN(Et)
return Ê

Ensure: |Ê − E| ≤ ε with prob. 1− δ

Hoeffding

|Ê − E| ≤ R
√

ln(2/δ)

2t
(1)

Empirical Bernstein

|Ê − E| ≤ σ̂t

√
2 ln (3/δ)

t
+

3R ln (3/δ)

t
(2)

Algorithm key ideas

(1) P[premature stopping]
!
≤ δ

(2) partition into steps, s.t.
∑∞

t=1 dt ≤ δ
(3) use tail bound at step t with prob. of prema-

ture stopping at most dt
(4) Batch-sampling: updating after dβke > 1 sam-

ples reduces variance of the estimator
(5) Mid-interval sampling to reduce over-shooting

Results
Variational quantum eigensolver (VQE)

• VQE for H2 molecule (2 qubits) at various
bond lengths d

• Ham. H(d) and VQE ansatz based on [3]
• 3 distinct measurements needed to gain one

energy sample
• Each E(d) estimated using EBS
• benchmark EBS on this estimator against

the Hoeffding guarantee [4]
→ performance improvement over most d

Sampling from molecular ground-states

• group H using ShadowGrouping [2]
• measure each group once to obtain a single

sample Et (using N = O(n4) shots in total)
• repeat for various molecules and fermion-

to-qubit mappings
→ consistently outperforms the basic Hoeffd-

ing guarantee for various system sizes n
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|Ê − E| after convergence

Distance d [Å]

0.5 1 1.5 2 2.5

106

107

Distance d [Å]

A
vg

.
sa
m
pl
es

[lo
g.
] EBS

Hoeffding

H2
(n=4)

H2
∗

(n=8)

LiH
(n=12)

BeH2
(n=14)

H2O
(n=14)

NH3
(n=16)

106

107

108

109

1010

#
sa
m
pl
es

to
re
ac
h
εa

c
c
.

ch
e
m
. Jordan-Wigner

Bravyi-Kitaev
Parity
Hoeffding

Outlook
• extension of the empirical Bernstein bound to random

vectors
→ much more efficient estimators available [2]

• hyperparameter optimization of EBS still possible:
overshooting?

• application of EBS to other contexts, such as estimat-
ing the fidelity, purity, entanglement . . .

github.com/UgurTepe/
EmpiricalBernsteinAlgorithm


